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This paper examines the effect of”time concept“ in Lotka-Volterra prey-predator model. This
paper constructs the basic model, shows the population densities are periodic, the limit cycles at
steady state. Nextly, we introudce ‘’time lag” into this model. This paper shows that the Population
densities are Hopf birfurcation at steady state. This paper examine this effect with nonlinear coupld
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(2.1) $–=(\epsilon x-b_{XY}Y)X$ , $–=(-\epsilon_{Y}+b_{YX}X)Y$
$X$ gt# , $Y$ , $\epsilon_{1},$ $b_{ij}(i, j=\{X, Y\})$ .
$X$ $Y$ , $X$ $Y$ $(-\epsilon_{Y})$
. .
$E_{00}=(0,0),$ $E++=( \frac{\epsilon_{Y}}{b_{YX}}$ , $\frac{\epsilon x}{b_{XY}})$ .
$J=$ J(a\epsilon cXob--bb0iXY $0 \frac{\text{ }b}{b_{Y}}$
,
, . ,
. Lyyapunov (V) , $V=$ ? $\frac{dV}{dt}=0$ ,






$\frac{dX(\tau t)}{1\Psi_{\text{ }}}=(\epsilon x-b_{XY}Y(t))X(\tau t)$ , $\frac{dY(t)}{dt}=(-\epsilon_{Y}+b_{YX}X(\tau t))Y(t)$
, .
21 Lotka-Volterra - (2.1)
. (2.2) , (2.1) .
3
, Lotka-Volterra -
. $X$ , $Y$ $X$ $Y$ ,
. .
(3.1) $\frac{dX(t)}{dt}=(\epsilon_{X}-b_{XY}Y(t-r))X(t)$ , $\frac{dY(t)}{dt}=(-\epsilon_{Y}+b_{YX}X(t-r))Y(t)$
$r\geq 0$ .
(3.1) 1 ( ) $X=X^{*},$ $Y=Y$ . $X^{*}=$
$\frac{\epsilon_{Y}}{b_{YX}},$ $Y^{u}=\frac{\epsilon_{X}}{b_{XY}}$ . (3.1) $E++$ $(0,0)$ . $x$





(3.3) det $(\lambda I-Ae^{-\lambda r})--:(_{-\epsilon_{X}\frac{b_{YX}\lambda}{b_{XY}}e^{-\lambda r}}$ $\epsilon_{Y}\frac{b_{XY}}{b_{YX}\lambda}e^{-\lambda r})=\lambda^{2}+\epsilon_{X}\epsilon_{Y}e^{-2\lambda r}=0$.
(3.3) . (3.3) $r$ ,
149
$2 \lambda\frac{d\lambda}{dr}+\epsilon x\epsilon_{Y}(-2r)e^{-2\lambda r_{\frac{d\lambda}{dr}}}+\epsilon_{X}\epsilon_{Y}(-2\lambda)e^{-2\lambda r}=0$ ,
$\frac{d\lambda}{\frac{drd\lambda r=}{dr_{1}}}=\frac{\epsilon\epsilon_{X}\epsilon_{Y}\lambda e^{-2\lambda r}}{\text{ ^{}--}\text{ }k=\pm\lambda re^{-}}|_{\lambda=\pm\pm:\frac{=0_{XY}\epsilon x\epsilon_{Y}\text{ }\lambda}{}}rr=\frac{\epsilon_{X}\epsilon_{Y}(\pm i\frac{\text{ }\epsilon\epsilon}{}2\lambda ri\sqrt{\epsilon x\epsilon_{Y}}}{\pm i\sqrt{\epsilon x\epsilon}}0$. g0. ,
$r$ $0$ , $\lambda=\pm l’\sqrt{\epsilon x\epsilon_{Y}}$ . $r$
, (3.1) (2.1) . (3.3)
, (3.1) . $r>0$
, Hopf .
(Lyapcov ) , .




$V(x(t+s), y(t+s))\leq V(x(t), y(t))$ , $s\in[-r, 0]$
$W(t)= \sup V(t)$ .
$\frac{dW}{dt}=2x(t)(-b_{XY}(x(t)+X^{*})y(t))+2y(t)(b_{YX}(y(t)+Y^{*})x(t))$
$=2x(t)y(t)\{bvx(y(t)+Y)-b_{XY}(x(t)+X)\}$
$(x, y^{*})=(0,0)$ , $\frac{dW}{dt}\leq 0$ .
$x(t)>0,$ $y(t)>0$ , $b_{XY}(x(t)+X^{r})>b_{YX}(y(t)+Y’)$ ,
$x(t)<0,$ $y(t)<0$ , $b_{XY}(x(t)+X^{\cdot})>b_{Y}x(y(t)+Y^{t})$ ,
$x(t)>0,$ $y(t)<0$ , $bxv(x(t)+X)<b_{Y}x(y(t)+Y^{\cdot})$ ,
$x(t)<0,$ $y(t)>0$ , $b_{XY}(x(t)+X^{5})<b_{Y}x(y(t)+Y)$ .
. $(x’, y^{r})=(0,0)$ .
, ,
.
(3.4) , $X,$ $Y$ , $r$ $r_{1},$ $r_{2}$
, , Hopf .
31 Lotka-Volterra – (3.1) Hopf
. , .
4
, – ,\mbox{\boldmath $\nu$}
. $S^{1}$ . [2], [11],
Devaney [4] . $X$ $Y$ ,
. . .
, .
$\phi$ $\psi$ 2 . $(K=0)$ ,
$T^{2}$ . $(P(\phi), P(\psi))$ $(\phi, \psi)$ . Poincar\’e
$\phi_{n}=\phi(t=nP(\psi))$ . , $\phi_{n+1}-\phi_{n}=2\pi\frac{P(\psi)}{P(\phi)}$
, Poincar\’e $\Xi ff|t$
150
$T\phiarrow\phi+\Phi$
(4.1) $\phi_{n+1}=\phi_{n}+\Phi$ , $\Phi=2\pi\frac{P(\psi)}{P(\phi)}$
. ,
(4.2) $\phi_{n+1}=\phi_{n}+\Phi+F(\phi_{n})\equiv\phi_{\mathfrak{n}}+t(\phi_{n})$







(\breve \check 4n5) \alpha \mbox{\boldmath $\theta$}n(+clirc$= \theta_{n}+\Omega-(\frac{K}{2k}\sin(2\pi\theta_{n})1emap)$$\llcorner$ $h$ $A_{1}$ . $\text{ ^{}\vee}2$ $\xi$ $|h$$gff^{\wedge}\llcorner\phi_{n}=2\pi\theta_{n},\Phi$ m=&2\pi \mbox{\boldmath $\tau$}\Omega
.
$\Omega$ . $\Omega=$ -pq(
$p,$ $q$) , $t\backslash$ $\sigma$) $x\in S^{1}$ $q$ .
$f^{q}( \theta)=\theta+2q\pi(\frac{p}{q})=\theta+2p\pi=\theta$ $(mod 2\pi)$
, $q$ $\theta$ . $q$ $\theta$ )
, $x\in S^{1}$ $\{R_{\alpha}^{n}(x);n=0,1,2, \cdots\}$ $S^{1}$ (dense) 2 $R_{\alpha}:S^{1}$
$arrow S^{1}$ Lebesgue .
$f$ : $S^{1}arrow S^{1}$ , \mbox{\boldmath $\rho$}( .
. .
$x\in R$ $\theta\in S^{1}$ $\pi:Rarrow S^{1}$ . $\pi$
$\exp(2\pi ix)=\infty s(2\pi x)+i\sin(2\pi x)$
$\pi$ : $Rarrow S^{1}$ .





, $f$ : $S^{1}arrow S^{1}$ (ha) .
$x$ $\pi(x)$ $\theta=0$ , $x$ $\theta$ , $\pi(x)$
1 1 . $\pi$ $f$ 1 .
$f:S^{1}arrow S^{1}$ $F:Rarrow R$ . $S^{1}$ $[0,1]$
$[0,1]\backslash \sim$ $f$ $[0,1]$ $x[0,1]$ .
$R^{2}$ $(n, m),$ $n,$ $m\in Z$ $R^{2}$ . $f$
2Ja\infty bi $w$ , $f(\theta)=\theta+2\pi w$ , $S^{1}$ $(den\epsilon e)$ .
$\theta\in S^{1}$ . 2 $n,m\in Z$ , $r(\theta)\neq r(\theta)$ . , $f^{n}(\theta)=f^{m}(\theta)$ $\theta$
$+2\mathfrak{n}\pi w=\theta+2m\pi\omega$ , $\langle n-m$ )$w\in Z$ , $n\approx m$ .
$\epsilon>0$ , $w$ $\underline{m}<1$ , $|f^{n}\langle\theta$ ) $-f^{m}(\theta)|<\epsilon$ .
$n$
. $k=n-m$ , $|f^{k}(\theta)-\theta|<\epsilon$ . , $f(\theta)=\theta+2\pi\omega$ $S^{1}$ . ,
$f(\theta+\alpha)-f(\theta)=\alpha$










$f(\theta)=\theta+2\pi\Omega-K$ sin 9 , $F(x)=x+\Omega-\overline{2\pi}\sin(2\pi x)$ 1
:
$\pi(F(x))=\pi(x+\Omega-\frac{K}{2\pi}s\ddagger n(2\pi x))=2\pi x+2\pi\Omega-K\sin(2\pi x)=f(2\pi x)=f(\pi(x))$ .
.
42 $f$ : $S^{1}arrow S^{1}$ , .
$F(x)$ , $F(x)+k$ $(k\in Z)$ .
$\pi(F(x)+k)=\pi(F(x))=f(\pi(x))$
. $F(x)$ , $F(x+k)$ $(k\in Z)$ .
$\pi F((x+k))=f(\pi(x+k))=f(\pi(x))$
43 $F$ ( $x$ ) $=0$ $F(x)$ , F(x+l) $=F(x)+1$ (
$F(x+k)=F(x)+k$ ) $F(x+1)-(x+1)=F(x)-x$ .
$F(x)-X$ 1 , $F^{n}(x)$ $f^{n}(\theta)$ , $F^{n}(x)-x$ 1
. $id(x)=x$ . $F^{n}$ $f^{n}$ $F^{n}-id$
1 .
. (4.5) , $K=0$ ,
$T_{\Omega}$ . $0\leq K<1$ , $f$ $S^{1}$ . $K=1$ ,
. $K>1$ , 1 1 . $K>1$
.
$K$





$0\leq 2\pi\theta\leq 2\pi$ , $0\leq 9\leq 1$ $sil$) $(2\pi\theta)$ ,
.
(i) $K=2\pi\Omega$ , 1 , (ii) $K>2\pi\Omega$ , 2 , (iii) $K<2\pi\Omega$ , $0$ .
.
. (attractor), (repellor) .
$( \frac{2\pi\Omega}{K}<1)$ , $y=f(\theta)$ $y=\theta$ ( ) $f(\theta)$
, .
(4.6) $f’(\theta)=1-K\cos(2\pi\theta)$
$|f’(9)|<1$ , , $|f’(9)|>1$ ,
. $|f’(9)|\neq 1$ (hyperbolic) . 2
, 1 , . $\theta=1$
($saddl\triangleright node$ bifurcation) . ( ), $\dagger$ ) 2
$\Omega$ , . 2 $9=\frac{3}{4}$ 1
, .
$f:S^{1}arrow S^{1}$ , $S^{1}$ $f$
, $f$ (rotation number) . $0$ 1 ,
, .
44 $f:S^{1}arrow S^{1}$ , $F:Rarrow R$ $f$ ,
. $f$ $\vec{\text{ }}^{\infty}Xnumber$ )$f\rho_{0}F$) $\lim_{Q}\frac{|F^{\mathfrak{n}}(x)-x|}{(rotationn}=_{n}\lim_{arrow n\infty}\frac{|F^{\mathfrak{n}}(|}{\rho(f\uparrow \text{ }}$ $n(F)$




(ii) $p_{1}(F)$ $x\in R$ .
(iii) $Z$ $\rho(F)$ $F$ .
.
46 45 , .
45(ii) , $K=0$ ,
,
$\lim_{x^{n}\vec{\text{ }}\Re}$ –Fynk(x $r^{\infty}fiA \lim_{\mathfrak{n}arrow}\frac{x+n\Omega}{ln}=\Omega$





47 $f$ , $\rho(f)$ , .
.
. : $F_{\Omega,K}(x)=x+ \Omega-\frac{K}{2\pi}\sin(2\pi x)$
.




. $\rho_{0}(F_{\Omega_{1},K})\geq\mu_{1}(F_{\Omega_{2},K})$ . $\rho 0$ $K$ $\Omega$
. $\rho$ $\Omega$ . $K\neq 0$ t $f_{\Omega}=f_{\Omega,K}$ .






, $\Omega_{0}$ $\Omega$ .
$F_{\Omega_{0}}^{q}$ . $y=x+k$ $(x_{0}, x_{0}+k)$ .
$(F_{\Omega_{0}}^{q})’(x_{0})\neq 1$
, $\Omega$ $W$ , $\Omega\in W$ $F_{\Omega}^{q}$ $y=x+k$
3. $F^{q}(9(\Omega))=g(\Omega)+k$ , $\Omega\in W$ , .
$(F_{\Omega\text{ }}^{q})’(x_{0})=1$ , F\Omega , $x$
$F_{\Omega_{0}}^{q}(x_{0}+x)=F_{\Omega_{O}}^{q}(x_{0})+(F_{\Omega 0}^{q})’(x_{0})x+ \frac{(F_{\Omega_{0}}^{q})’’(x_{0})}{2!}x^{2}+\cdots+\frac{(F_{\Omega_{0}}^{q})^{(j)}(x_{0})}{j!}x^{j}+\cdots$
$=x_{0}+k+x+ \frac{(F_{\Omega_{0}}^{q})’’(x_{0})}{2!}x^{2}+\cdot.$ . $+ \frac{(F_{\Omega_{0}}^{q})^{(j)}(x_{0})}{j!}x^{j}+\cdots$
Taylor . $y=x+k$ $s$ .
$j\geq 2$ $(F_{\Omega_{O}}^{q})^{\langle j)}(x_{0})\neq 0$
$4$
. $j$ , $F_{\Omega_{O}}^{q}(x_{0}+x)$ $x=0$
$y=x+k$ $(0, k)$ . $\Omega 0$ $\Omega$ , $(F_{\Omega_{0}}^{q})^{(j)}(x_{0})$
$\neq 0$ , $F_{\Omega}^{q}(x_{0}+x)$ $x=0$ $y=x+k$ . $j$ ,
$x_{0}$ $F_{\Omega_{O}}^{q}(x_{0}+x)$ $y=x+k$ $(0, k)$ , $F_{\Omega_{\text{ }}}^{q}(x_{0}+x)$ ,
. $F_{\Omega_{O}}^{q}(x_{0}+x)$ $\Omega 0$ $\Omega<\Omega_{0}$ , $\Omega>\Omega 0$ $y=x+k$
.
$\underline{p}$
, $\rho(f_{\Omega})=^{\underline{p}}$ $\Omega$ .
$\rho(f_{\Omega})$ q , $\Omega$ . $f_{\Omega}$ $C^{2}$




$H(\Omega_{0}, x)=0$ , $\Omega 0$ $H(\Omega 0x)$ $x$ , $x$
$\frac{d}{dx}H(\Omega_{0},x_{0})=\frac{d}{dx}F_{\Omega 0}^{q}(x_{0})-1\neq 0$
$\Omega\in W$ $C^{1}$ 9; $Warrow R$ , $\Omega\in W$ , $H(\Omega\sim(\Omega))=0$ .
4 , $F_{\Omega_{O}}^{q}(x0+x)\approx x0+x+k$, $x\in R$ .
5Denjqy $f:S^{1}arrow S^{1}$ $C^{1}$ , $f$ . $f$
\alpha =\mbox{\boldmath $\rho$}( , $h:S^{1}arrow S^{1}$ $hof=R_{\alpha}o\hslash$ . $f$ $R_{\alpha}$
. R $S^{1}$ $\alpha$ (Ra(x)=e2’:\alpha .
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48 $\underline{p}$ $W$ ( (level set)) , $\Omega\in W$
$q$
$\rho(f_{\Omega})=\underline{p}$ . $\rho(f_{\Omega})$ $\Omega$ 1 .
$\Omega$
$(f_{\Omega_{()},K}^{q})’(\theta_{0})q\neq 1$ ( ) , $\Omega_{0}$ $(\Omega>\Omega_{0})$ $(\Omega<\Omega_{0})$






, Farey 6 .
$\beta$
O $O$
02 04 06 08 10
2:
$\rho=\frac{1}{2}$ , , (4.4) (4.6)
$2\pi=2\Phi-K$ sin $\phi-K\sin$($\phi+\Phi-K$ sin $\phi$)
$1=$ ($1-K$ cos $\phi$)( $1-K\infty s$($\phi+\Phi-K$ sin $\phi$))
. $\Phi$ ($\sin\phi$, cos $\phi$) $K$ ,
(4.7) $\Phi=\pi\pm(\frac{K^{2}}{4})+O(K^{4})$
. $K=1$ , $\Phi=\pi\pm 0.23237\cdots$ (Arnold [3]) , $\pi\pm$




6Ehrey $F_{n}$ $0\leq a<b\leq n$ $a$ $b$ $a/b$ , . $F_{1}$
\sim F .
$F_{1}= \{\frac{0}{1}, \frac{1}{1}\},$ $F_{2}= \{\frac{0}{1}, \frac{1}{2}, \frac{1}{1}\},$ $F_{S}= \{\frac{0}{1}, \frac{1}{a}, \frac{1}{2}, \frac{2}{s}, \frac{1}{1}\},$ $F_{4}= \{\frac{0}{1}, \frac{1}{4}, \frac{1}{3}, \frac{1}{2}, \frac{2}{3}, \frac{3}{4}, \frac{1}{1}\},$ $F_{b}= t\frac{0}{1}\frac{1}{b},\frac{1}{2}\frac{2}{s}\frac{s}{4}\frac{4}{\epsilon},$ $\frac{1}{1}1$
155
, (4\Phi .7)= p . $q$
. $\rho$ $0$ $q$
. Arnold (Arnold Tongue) .
2 ,
. $q$ ,
. $q$ , .
$q$ .




3; Arnold , .




Farey . Farey , 1




(golden torus) , (robustness)
[7]. ,
. Farey , 1
, .
156
, (periodical cicadas) [8]
. 13 17 , 12,14,15, 16,18
. . 13 17 , .





4 2 , 3 , 2 , $K_{0}$
, ( $\Omega=1$ $\frac{1}{\tau}$ ) . . 3
, $K_{0}$ , $-Js(\Omega\neq 1)$ , 2
. 4 , ,
, , 2 , 3
. 1 2 .
– , , ,
. , , ,
, ,
.
45 (iii) $\tilde{F}$ $f$ 1 , $k$
$\tilde{F}(\tilde{x})=F(\tilde{x})+k$ . $f$ $F(\tilde{x}+1)=F(\tilde{x})+1,\tilde{F}(\tilde{x}+1)=\tilde{F}(\tilde{x})$
$+1$ , $(\tilde{F})^{2}(\tilde{x})=\tilde{F}(F(\tilde{x})+k)=\tilde{F}(F(\tilde{x}))+k=(F)^{2}(\tilde{x})+2k$. , $n$
$(\tilde{F})^{n}(\tilde{x})=(F)^{n}(\tilde{x})+nk$ , $\rho_{0}(\tilde{F})=\rho o(F)+k$ . $n(\tilde{F})=n(F)$ mod
$Z$ .
(ii) , $F$ $n$ $F^{\mathfrak{n}}$ $F^{n}(\tilde{x}+1)=F^{n}(\tilde{x})+1$
, $R^{n\infty}\{B|h$








$A l\lim_{n\infty}\frac{F^{n}(\tilde{x})-}{\text{ },\not\in\epsilon \text{ }}\lim\frac{F^{n}(\tilde{y})}{\text{ }ffi^{n}\tilde{x}}\text{ _{}F^{narrow}}ffi$y- ,
$a_{n}=F^{n}(\tilde{x})-\tilde{x}$ . $a_{\mathfrak{n}+m}=F^{n+m}(\tilde{x})$
$-\tilde{x}=(F^{\mathfrak{n}+m}(\tilde{x})-F^{m}(\tilde{x}))+(F^{m}(\overline{x})-\tilde{x})$ . 1 $F^{n+m}(\tilde{x})-F^{m}(\tilde{x})$ $F^{m}(\tilde{x})$
$a_{n}$ ’ , (ii) $F^{\mathfrak{n}+m}(\tilde{x})-F^{m}(\tilde{x})$ $a_{\mathfrak{n}}$ 2 . $a_{\mathfrak{n}+m}\approx$
$a_{\mathfrak{n}}+a_{m}$ 2 . $a_{nm}\approx a_{(n-1)m}+a_{m}\approx\cdots\approx na_{m}$ $2n$ .
$| \frac{a_{m}}{m}-\frac{a_{n}}{n}|<2(\frac{1}{m}+\frac{1}{n})$ . $\frac{a_{n}}{n}=\frac{\tilde{\psi}^{n}(\tilde{x}-\tilde{x}}{n}$ Cauchy ,
. ( )










, $\rho(F)$ , $f$ .
$f$ , $\rho(F)$ . $w$ $f(\theta)=\theta+2\pi\omega$
, $\rho=w$ . $f$ , $\rho(F)$
. $\rho(F)=\frac{p}{q}(p, q\in Z)$ . , $\rho(F^{q})=q\rho(F)=p<1$ , $\rho(F^{q})=0$ . $F^{q}$
$f$ . ( )
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